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Abstract. The S-expansion method is a generalization of the Ino¨nu¨-Wigner (IW) contraction
that allows to study new non-trivial relations between different Lie algebras. Basically, this
method combines a Lie algebra G with a finite abelian semigroup S in such a way that a new S-
expanded algebra GS can be defined. When the semigroup has a zero-element and/or a specific
decomposition, which is said to be resonant with the subspace structure of the original algebra,
then it is possible to extract smaller algebras from GS which have interesting properties. Here
we give a brief description of the S-expansion, its applications and the main motivations that
lead us to elaborate a Java library, which automatizes this method and allows us to represent
and to classify all possible S-expansions of a given Lie algebra.
1. Introduction
As is well-known, the theory of Lie groups and algebras plays an essential role in Physics: it
represents the mathematical tool allowing to describe the continues symmetries of a physical
system and, via the Noether theorem, this is directly connected with the corresponding
conservation laws of the system. Since the fifties, different mechanisms allowing to establish non-
trivial relations between Lie algebras appeared and were very useful to understand interrelations
between different physical theories. The original idea was introduced in Ref. [1], where it was
pointed out that if two physical theories are related by means of a limit process (like Newtonian
mechanics and special relativity which are related by the limit where the speed of light c goes
to infinite), then the corresponding symmetry groups (the Galilean and Poincare´ groups, in the
example) under which those theories are invariant should also be related by means of a similar
limit process. This process was formally introduced in Ref. [2, 3] and it is known nowdays as
Ino¨nu¨-Wigner (IW) contraction.
Many generalized contractions were introduced in the literature during the last decades. In
particular, the Weimar-Woods (WW) contraction [4, 5, 6] is one of the most general realization
of this method. Starting with an algebra which have a certain subspace structure, the WW
contraction performs a suitable rescaling with a real parameter on the generators of each
subspace. Then, a special limit for that parameter leads to the contracted algebra, which
has the same dimension than the original one, but very different properties1.
Another peculiar generalization of the contraction, known as expansion method, was parallelly
introduced in the context of string theory [7] and supergravity [8]. This procedure not only is
able to reproduce the WW contractions when the dimension is preserved in the process, but
also may lead to expanded algebras whose dimension is higher than the original one. The main
difference with the contraction method is that, using the dual description of a Lie algebra in
terms of Maurer-Cartan (MC) forms, the rescaling is performed on some coordinates of the Lie
group manifold and not on the generators of the Lie algebra.
Here we focus on an even more general procedure called S-expansion2 [9], which combines
the structure constants of the original algebra with the inner multiplication law of an abelian
finite semigroup of order n to define a new S-expanded algebra GS . When the semigroup have
a zero-element and/or a specific decomposition, which is said to be resonant with the subspace
structure of the original algebra, then it is possible to extract smaller algebras, called resonant
subalgebras and reduced algebras. In particular, the previous expansion method [7, 8] can be
reproduced as a 0S-reduction of the resonant subalgebra for an expansion with a special family
of semigroups denoted by S
(N)
E .
During the last decade, many applications using the S-expansion has been performed
[14, 15, 16, 17, 18, 19, 20, 21], mainly in the context of modified theories of gravity. At the
begining, they considered only the family of semigroups S
(N)
E , which lead to the definition of
the so called BN algebras. The use of other abelian semigroups to perform S-expansions of
Lie algebras was first considered in Refs. [22], where it was pointed out that possible new
applications could be performed if the following question is analyzed: given two Lie algebras, is
it possible to find a suitable semigroup that relates them by means of an S-expansion? Of course,
the answer depends on the specific algebras that we want to connect and involves to consider
all possible finite abelian semigroups in each order3 (for a brief review about that classification
see the presentation [24], by C. Inostroza). In the same line, a study of the general properties
S-expansion method (in the context of the classification of Lie algebras) was made in Ref. [25]
and revealed that some properties of the semigroup allow to determine if a given property of
the original algebra (like semisimplicity, compactness, etc) will be preserved or not under the
expansion process. These results were shown to be useful as criteria to answer if two given
algebras can be S-related. In particular, semigroups preserving semisimplicity were identified.
The results given in Refs. [22] and [25] (and in particular the use of semigroups preserving
semisimplicity) were used in Ref. [26] to show that the semisimple version of the so called
Maxwell algebra (introduced in [27]) can be obtained as an expansion of the AdS algebra.
Later, this result was generalized in Refs. [28, 29] to new families of semigroups generating
algebras denoted by CN and DN which have been useful to construct new (super)gravity models
[30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46]. These several new applications
show the importance of considering also semigroups outside of the S
(N)
E family. Motivated by
1 For example, if the original algebra is semisimple, then the contracted algebra is usually non-semisimple.
2 The dual formulation of the S-expansion in terms of MC forms was performed in [10], while in Refs. [11, 12, 13]
the method was also extended to other mathematical structures, like the case of higher order Lie algebras and
infinite dimensional loop algebras.
3 An example, it was considered the 2 and 3-dimensional that acts transitively on 2 and 3-dimensional spaces,
i.e., the two 2-dimensional algebras [X1, X2] = 0, [X1, X2] = X1 and the ten 3-dimensional algebras classified
by Bianchi [23]. It was shown, that only four Bianchi algebras can be obtained as S-expansions of the the 2-
dimensional algebras if one uses some specific semigroups of order 4, which do not belong in general to the S
(N)
E
family. Thus, this result cannot be obtained neither by a contraction nor by the expansion method [8]. The
procedure used to construct by hand the multiplication table of those semigroups also made clear that, if a given
problem involves the use of semigroups of higher order, then the use of computer programs is needed.
this, we have constructed a Java library [47, 48] that automatizes the S-expansion procedure
and that is aimed to create a general picture about all possible S-relations between Lie algebras.
2. Brief review of the S-expansion method
Consider a Lie algebra G with generators {Xi} and Lie product [Xi,Xj ] = C
k
ijXk where C
k
ij are
the structure constants. Consider also a finite abelian semigroup S = {λα, α = 1, . . . , n}.
An informal way (but useful for our purposes) of expressing the semigroup multiplication
law is by means of quantities called selectors4, denoted by Kκαβ and defined by the relation
λα · λβ = λγ(α,β) = K
ρ
αβλρ, where K
ρ
αβ = 1 if ρ = γ (α, β) and K
ρ
αβ = 0 if ρ 6= γ (α, β) . Then,
the S-expansion consists of the following steps.
Step I: Constructing S-expanded algebra. As shown in [9], the set GS = S⊗G (with ⊗
being the Kronecker product between the matrix representation of S and G) is also Lie algebra,
which is called expanded algebra, if the basis elements are defined as X(i,α) ≡ λα ⊗Xi and Lie
product by
[
X(i,α),X(j,β)
]
≡ λα ·λβ⊗ [Xi,Xj ] = C
(k,γ)
(i,α)(j,β)X(k,γ). The structure constants of the
expanded algebra GS are fully determined by the selectors and the structure constants of the
original Lie algebra G, i.e., C
(k,γ)
(i,α)(j,β) = K
γ
αβC
k
ij .
Step II: Extraction of the resonant subalgebra. Consider the case where the original
algebra has the subspace decomposition G = V0 ⊕ V1 with the following structure
[V0, V0] ⊂ V0 , [V0, V1] ⊂ V1 , [V1, V1] ⊂ V0 (1)
Suppose also that a given semigroup has a decomposition in subsets S = S0 ∪ S1 satisfying
S0 · S0 ∈ S0 , S0 · S1 ∈ S1 , S1 · S1 ∈ S0 (2)
which is called resonant condition, because of the similarity with the subspace structure (1) of
the algebra5. Then, as shown in [9], the set GS,R = (S0 ⊗ V0)⊕ (S1 ⊗ V1) is a subalgebra of the
expanded algebra GS = S ⊗ G.
Step III: Extraction of the 0S -reduced algebra. If semigroup contains an element 0S
satisfying λα · 0S = 0S for any element λα ∈ S, then this element is called a zero element. In
that case, the sector 0S ⊗G can be removed from the expanded algebra in such a way that what
is left is also a Lie algebra, called the 0S-reduced algebra. Remarkably, the reduced algebra is
not necessarily a subalgebra of the expanded algebra.
3. Need of automizing the procedure
First we notice that the steps II and III are independent, but can also be applied simultaneously.
This means that, depending on the semigroup that is going to be used in the expansion, the
following algebras can be obtained:
(i) the expanded algebra GS = S ⊗ G,
(ii) the resonant subalgebra GS,R = (S0 ⊗ V0) ⊕ (S1 ⊗ V1), if the semigroup have at least one
resonant decomposition,
(iii) the 0S-reduced algebra if the semigroup have a zero element 0S ,
4 In particular, the selectors provide a matrix representation for the semigroup λα → (λα)
ρ
β = K
ρ
αβ , which is
used in our library to represent a given semigroup.
5 As it can be seen in [9], one can deal with algebras and semigroups having decompositions which are more
general, but in the first version of our library we only consider the case given by (1) and (2).
(iv) the 0S-reduction of the resonant subalgebra, if the semigroup has simultaneously a zero
element and at least one resonant decomposition.
In order to study all possible S-expansions (i-iv) of a given algebra, one should consider the
full set of abelian semigroups. As it will be reviewed in the presentation by C. Inostroza [24],
the problem of enumerating the all non-isomorphic finite semigroups of a certain order is a non-
trivial problem because the number of semigroups increases very quickly with the order of the
semigroup. Thus, this task can be performed only up to a certain order and, in particular, we
have used the program gen.f of Ref. [49] to generate the files sem.2, sem.3, sem.4, sem.5 and
sem.6 which contain all the non isomorphic semigroups up to order 6. Those files can be used
as input data for many of the programs that compose our library [47, 48].
For example, in the order 3 there are 18 non-isomorphic semigroups denoted by Sa(3) with
a = 1, ...18, from which only 12 of them are abelian6. Thus, the different type of expansions
that can be done with them are represented in the figure 1 where, for reasons of space, we use
only the label ‘a’ to name the different semigroups in the horizontal axis, while in the vertical
axis we represent the different kinds of expansions that can be performed with them. With a
gray number it has also been identified the expansions that preserve the semisimplicity.
Figure 1. Representing different kind of expansions with semigroups of order 3.
To identify all possible resonant decompositions of all non-isomorphic semigroups in higher
orders is not a trivial task. For this reason, we have constructed a Java library [47, 48] which
allows us to study all possible S-expansions of the type (i-iv) using the mentioned lists sem.n.
6 The non-isomorphic abelian semigroups of order 3 are:
S1(3) λ1 λ2 λ3
λ1 λ1 λ1 λ1
λ2 λ1 λ1 λ1
λ3 λ1 λ1 λ1
,
S2(3) λ1 λ2 λ3
λ1 λ1 λ1 λ1
λ2 λ1 λ1 λ1
λ3 λ1 λ1 λ2
,
S3(3) λ1 λ2 λ3
λ1 λ1 λ1 λ1
λ2 λ1 λ1 λ1
λ3 λ1 λ1 λ3
,
S6(3) λ1 λ2 λ3
λ1 λ1 λ1 λ1
λ2 λ1 λ1 λ2
λ3 λ1 λ2 λ3
,
S7(3) λ1 λ2 λ3
λ1 λ1 λ1 λ1
λ2 λ1 λ2 λ1
λ3 λ1 λ1 λ3
,
S9(3) λ1 λ2 λ3
λ1 λ1 λ1 λ1
λ2 λ1 λ2 λ2
λ3 λ1 λ2 λ2
,
S10(3) λ1 λ2 λ3
λ1 λ1 λ1 λ1
λ2 λ1 λ2 λ2
λ3 λ1 λ2 λ3
,
S12(3) λ1 λ2 λ3
λ1 λ1 λ1 λ1
λ2 λ1 λ2 λ3
λ3 λ1 λ3 λ2
,
S15(3) λ1 λ2 λ3
λ1 λ1 λ1 λ3
λ2 λ1 λ1 λ3
λ3 λ3 λ3 λ1
,
S16(3) λ1 λ2 λ3
λ1 λ1 λ1 λ3
λ2 λ1 λ2 λ3
λ3 λ3 λ3 λ1
,
S17(3) λ1 λ2 λ3
λ1 λ1 λ2 λ2
λ2 λ2 λ1 λ1
λ3 λ2 λ1 λ1
,
S18(3) λ1 λ2 λ3
λ1 λ1 λ2 λ3
λ2 λ2 λ3 λ1
λ3 λ3 λ1 λ2
,
4. On the maximal order of semigroups which the Java Library can perform
In some cases it is useful to have the full lists of non-isomorphic semigroups up to certain order.
However, there is an intrinsic computational limitation to construct these lists for order 8 and
higher. Indeed, the number of non-isomorphic semigroups in those orders has been evaluated
only by using indirect techniques. For lower orders, instead, the construction of these tables is
possible. For example, in Ref. [49] a fortran program gen.f was proposed, which, according to
what is claimed in this reference, is able to generate these lists up to order 7. However, after
running that fortran program we were able to obtain those lists only up to order 6. These lists
are used as inputs for our library [47] although its methods are not restricted to the order 6.
Indeed, the methods of our library also allow us to work with semigroup of higher orders. The
only issue is that we do not have the full list of non-isomorphic tables for those higher orders. For
example, our methods are able to read a multiplication table of order 20 and show in few seconds
if that table is associative, commutative, to identify if there is a zero element and also allow to
check if a given decomposition is resonant. The only task that involves more computations and
time is the method findAllResonances that finds out all possible resonant decompositions of a
given semigroup. In that case, one can obtain the answer in few minutes for semigroups of order
8, during about one hour for semigroups of order 9, and in our case we were unable to obtain an
answer over 3 days for semigroups of order 10. All the computations above were made in usual
laptop computers.
5. Conclusions
We have presented a brief description of the S-expansion method, its applications and the
motivations to automatize this procedure. We have made this with a set of methods organized
in the form of Java Library [47, 48] which is able not only to represent and perform basic
operations with semigroups and Lie algebras but also to perform operations that are intrinsic
of the S-expansion method, such as the characterization of resonances and the corresponding
representation of the resonant subalgebra and the reduced algebras. The main features of this
library will be described in the related talk by C. Inostroza [24].
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